FINITE ELEMLNl IMPLEMENTATION OF ROBINSON'S UNIFIED VISCOPLASTIC MODEL AND
ITS APPLICATION TO SOME UNIAXIAL AND MULTIAXIAL PROBLEMS presented. To demonstrate its application, the Implementation is applied to some uniaxial and multlaxlal problems. A comparison of the results for the multiaxial problem of a thick internally pressurized cylinder, obtained using the finite element implementation and an analytical solution, is also presented. Excellent agreement obtained confirms the correct finite element implementation o f Robinson's model.
INTRODUCT ION
Modern technological development in aerospace, nuclear, and many other At high temperatures there is an increased propensity industries has resulted in increaslng use of materials at unprecedentedly higher temperatures.
for inelastic deformation mechanlsms of creep and plastlcity. Realistic and rational designs o f structural components operating at such elevated temperatures must rely on accurate constitutive model descriptions of these inelastic deformations in structural materials.
Conventional constitutive models which treat creep and plastic strains as separate noninteracting entities are incapable o f dealing with observed creepplasticity interactions. The recent years have witnessed, therefore, a concerted effort by numerous researchers to develop constitutive models where the inelastic strain Is not separated artificially lnto time-independent plastic and time-dependent creep components. These models -called the unified viscoplastic models -treat all inelastic strain (plasticity, creep, relaxation, etc.) as a unified and time dependent quantity and thus, automatically include any interactions. A good general overview of numerous viscoplastic models developed in recent years and their predictive capabilities is given by Walker (ref. Unified viscoplastic models express the inelastic strain rates as a function of the current values of stress, temperature, and certain Internal state variables. The models also include evolution (or growth) laws, whereby the rates of 'Internal state variables are connected to the current values of these variables, stress, and temperature. 'The viscoplastic models proposed by different investigators employ different functional relations. Krieg (ref. 3 ) has, however, shown that most of these models possess the same basic skeletal National Research Council -NASA Research Associate.
* +Retired.
framework w h i c h g e n e r a l l y i n c l u d e s two s t a t e v a r i a b l e s -one s c a l a r and t h e o t h e r t e n s o r i a l -t o account f o r i s o t r o p i c and k i n e m a t i c h a r d e n i n g , respec t i v e l y .
I n o r d e r t o make t h e s e models more r e a l i s t i c , an a t t e m p t i s made t o i n c o r p o r a t e as much m a t e r i a l s c i e n c e as p o s s i b l e i n t o t h e c o n t i n u u m model. As a r e s u l t t h e mathematical s t r u c t u r e o f t h e s e models i s , i n g e n e r a l , v e r y comp l e x . Not o n l y i s t h e system o f c o n s t i t u t i v e e q u a t i o n s a s s o c i a t e d w i t h t h e s e u n i f i e d models h i g h l y n o n l i n e a r b u t a l s o m a t h e m a t i c a l l y " s t i f f . "
A n a l y t i c a l t o o l s commonly used f o r t h e s o l u t i o n o f c l a s s i c a l p l a s t i c i t y o r c r e e p problems a r e t h e r e f o r e rendered i n a p p l i c a b l e f o r use w i t h u n i f i e d models. Many p r a c t ic a l problems -such as t h o s e a r i s i n g i n t h e a n a l y s i s o f h o t gas-path components o f gas t u r b i n e engines and r o c k e t engines f o r r e u s a b l e space p r o p u l s i o n , s y stems -i n v o l v e complex geometries as we1 1 as complex thermomechanical, . l o a d i n g h i s t o r i e s . For a p p l i c a t i o n o f v i s c o p l a s t i c models t o such i n t r i c a t e problems i t i s necessary t h a t t h e s e models be implemented i n General Purpose F i n i t e Element Codes such as MARC ( r e f . 4 ) . D u r i n g t h e l a s t s e v e r a l years t h e NASA Lewis Research Center has mounted an e x t e n s i v e in-house and e x t e r n a l e f f o r t t o implement some o f t h e more commonly used v i r c o p l a s t i c models i n t o t h e F i n i t e Element Code -MARC. The v i s c op l a s t i c models due t o Walker ( r e f . 1) and Bodner ( r e f . 5 ) have a l r e a d y been implemented i n t o the MARC and r e s u l t s o f some n o n l i n e a r s t r u c t u r a l a n a l y s e s u s i n g these implementations a r e a v a i l a b l e i n r e f e r e n c e s 1 and 6. A s a c o n t i nued e f f o r t i n t h i s d i r e c t i o n , t h e t a s k o f i m p l e m e n t i n g R o b i n s o n ' s model ( r e f . 7 ) i n t o MARC was undertaken. T h i s r e p o r t p r o v i d e s a b r i e f d e s c r i p t i o n o f t h i s I m p l e m e n t a t l o n and a l s o p r e s e n t s t h e s o l u t i o n s o f some i l l u s t r a t i v e problems. Rob f l o w and p o t e n t i a t h e f l o w t h e f l o w ROBINSON'S MODEL n s o n ' s model ( r e f . 7 ) i s based on t h e concept o f f l o w p o t e n t i a l . The g r o w t h laws f o r t h e i n t e r n a l v a r i a b l e s a r e d e r i v e d f r o m t h i s f l o w . The m a t e r i a l b e h a v i o r i s e l a s t i c f o r a l l t h e s t r e s s s t a t e s w i t h i n p o t e n t i a l , and i t i s v i s c o p l a s t i c f o r a l l t h e s t r e s s s t a t e s o u t s l d e p o t e n t i a l . Assuming t h e d i s p l a c e m e n t s (and s t r a i n s ) t o be s m a l l , t h e -e l i s w r i t t e n as t h e sum o f e l a s t i c , c i j , and i n e l a s t i c "3 = i n t o t a l s t r d i n r a t e , ( i n c l u d i n g c r e e p , p l a s t i c i t y , r e l a x a t i o n , e t c . ) , c i j , components. I n symbols -e l -i n " j j = " i j + " i j -l h e m a t e r i a l i s assumed t o be i s o t r o p i c and Hooke's l a w i s used t o r e l a t e t h e e l a s t i c s t r a i n r a t e ; j j t o t h e s t r e s s r a t e , A i j i . e . where E i s t h e Young's modulus, u i s t h e P o l s s o n ' s r a t i o , and 6 i j i s t h e Kronecker d e l t a . F o l l o w i n g t h e C a r t e s i a n t e n s o r n o t a t i o n s , t h e r e p e a t e d subscr'ipts i n e q u a t i o n ( 2 ) (and elsewhere) i m p l y summation.
L
The deviatorlc stress, S i j , is defined as:
The growth law governing the evolution o f internal state variable, aij, (which accounts for the kinematic hardening), is given by: The parameters p , H, n, m, 0, and Go are temperature independent constants. Effects of temperature are incorporated In the model through the temperature-dependent constants p and R using the following relatlons: and R = 9.0x10-8 exp ( 8 2 ) .
In which I and e2 = 40 000 (K 1 -i) .
Here, e denotes the absolute temperature in Kelvin (K). The scalar state variable K in the above equations denotes the scalar threshold (Bingham) stress. second invariant J2 below K . The state variable K accounts for the isotroplc hardening (or softening). Followlng Robinson (ref. 7) , and for the material considered herein (2-1/4 Cr-1 Mo steel), K has been taken as a temperature-lndependent constant. But, depending on the material, equations for the evolutlon of the isotropic state variable and for its dependence on temperature, may be necessary. An evolutionary equation for K may be found in reference 9 . The inequalities in equatlons (5) to (9) The subincrement technique essentially consists of splitting the finite load increment into a number of equal subincrements and integrating the constitutive equations of viscoplastic models over small subincrements to obtain an accurate representation of the incremental constitutive equatlons over the finite load increment. The expliclt Euler forward difference method (with a self-adaptive integration strategy) was employed to integrate the constitutive equations over the subincrements. The technique is found to work efficiently and accurately, even for large finite element load increments, provided the subincrements are small enough to preserve the stability of Euler forward method. However, it is difficult for the user to select efficient subincremental steps, and there is a considerable incentlve to use as few subincrements as possible without affectlng the stability of constitutive differential equations associated with the model.
To familiarize the reader wlth its operation, a brief introduction to MARC -Program is appropriate. This introduction, taken from references 1 and 70, i s presented in the following paragraphs.
"The principal of virtual work may be used to generate the MARC nonlinear equ!!!brium equations governing the incremental response of the structure to an increment of load. In evaluating the nonlinear structural response of a component, the program assumes that the load history i s divided into incrementally applied loads. Each load step is sequentially analyzed as a linear matrlx problem using an appropriate stiffness matrix and load vector. each load step uses llnear matrix methods to solve the incremental equations, the Incremental equations themselves are nonlinear since the load vector will depend on the displacement increment obtained in the solution of incremental equilibrium equations.
Although
The principle of virtual work may be written, for applied external point loads Pi, or dlsplacement ui, i n the form: where the integral extends over the volume, V, of each finlte element and the summation sign extends to all the elements i n the structure.
In equation (15) the vlrtual displacement vector 6 , i
i s related to the virtual strain vector aci through the relatlonship I \ the s t r a i n displacement m n t r l x and t h e r u p e r s c r l p t T denotes whc t r a r i \ p o s l f :
'j ' i I o n . 31nce 6111 l r an a r b i t r a r y v i r t u a l d i s p l a c e m e n t v e c t o r , e q u a t l o n i ( 1 5 ) and ( 1 6 ) may be w r l t t e n I n t h e form:
. l h i s r e l a t l o n expresses t h e e q u l l i b r i u m o f s t r u c t u r e when t h e a p p l i e d l o a d v e c t o r i s . P i and t h e s t r e s s v e c t o r i s u j . I f an I n c r e m e n t a l l o a d A P j I s a p p l i e d t o t h e s t r u c t u r e and t h e s t r e s s v e c t o r changes t o uj t Aai, t h e r e l a t i o n e x p r e s s i n g t h e e q u i l i b r i u m o f t h e s t r u c t u r e a t t h e end o f t h e I n c r e m e n t a l l o a d a p p l i c a t i o n may be w r i t t e n as:
Hence, t h e r e l a t i o n e x p r e s s i n g t h e e q u i l i b r i u m o f t h e s t r u c t u r e d u r i n g t h e a p p l i c a t i o n o f the i n c r e m e n t a l l o a d v e c t o r A P i i s o b t a i n e d f r o m e q u a t i o n s ( 1 7 ) and ( 1 8 ) by s u b t r a c t l o n I n t h e form: c/yB:j A a j dV = AP 1 '
l h e MARC code a l l o w s t h e user t o lmplement v e r y g e n e r a l c o n s t l t u t i v e r e l at i o n s h i p s i n t o t h e program by means o f t h e user s u b r o u t i n e HYPELA. W i t h i n t h i s s u b r o u t l n e , t h e user must s p e c l f y t h e v a l u e s o f t h e e l a s t i c i t y m a t r i x and t h e i n e l a s t i c s t r e s s i n c r e m e n t v e c t o r A C j I n t h e i n c r e m e n t a l v e c t o r c o n s t i t u t i v e r e l a t i o n s h i p :
D i j (20) I . A u = D ( A c -~ d a A0) -A< l i j j j
The i n e l a s t i c s t r e s s increment v e c t o r A C~ i s computed i n HYPELA u s i n g t h e c o n s t i t u t i v e r e l a t i o n s h i p s o f t h e v i s c o p l a s t i c model.
In e q u a t l o n ( 2 0 ) . o denotes t h e c o e f f i c i e n t o f t h e r m a l expansion and d j i s t h e v e c t o r Kronecker d e l t a symbol,
1 *'= 0 I f 3 < j 5 6 .I'
I

For t h e v i s c o p l a s t i c models, " t h e i n c r e m e n t a l i n e l a s t i c s t r e s s v e c t o r A51
depends I n a h i g h l y n o n l i n e a r manner on t h e i n c r e m e n t a l s t r a i n v e c t o r A c i .
Since A E~ = B i A u j , t h e l n c r e m e n t a l l n e l a s t l c s t r e s s v e c t o r Act depends i n a h i g h l y non . 1 l n e a r manner on t h e n o d a l d l s p l a c e m e n t v e c t o r A u j , so t h a t A c i = A C ( A u j ) -S u b s t i t u t l o n o f e q u a t i o n ( 2 ) i n t o e q u a t i o n ( 1 9 ) produces t h e i n c r e m e n t a l e q u l l i b r l u m equatlons f o r MARC i n t h e form:
where Kij is the elemental elastic stiffness matrix defined by the relation:
4
The vector A R~ Is the residual load correctlon vector or out-of-equilibrium force vector from the preceding load increment:
A R = P -1 which is added to the current increment in order to restore the structure to equilibrium. The nonlinearity In the incremental equilibrlum relationship, defined in equation (22) The MARC -Program p r o v i d e s t h e user a c o n v e n i e n t way o f i m p l e m e n t i n g and i n t e g r a t i n g t h e c o n s t i t u t i v e e q u a t i o n s o f Robinson's model t h r o u g h t h e u s e r s u b r o u t i n e HYPtLA. The d e t a i l s o f s u b r o u t i n e HYPELA may be f o u n d i n r e ference 4 . The s u b r o u t i n e HYPELA w r i t t e n f o r Robinson's model and t h e s e l fa d a p t i v e i n t e g r a t i o n scheme used i n i t , f o l l o w e s s e n t i a l l y t h e same s t r u c t u r e
i n g a s p l i n e f u n c t i o n P ( x ) on t h e i n t e r v a l ( -1 , l ) a s :
The smoothing i s a c h l e v e d by
The f u n c t i o n F i n e q u a t i o n ( 1 ) i s t h e n r e p l a c e d by a f u n c t i o n 9 d e f i n e d as:
where t h e a n g u l a r b r a c k e t s denote:
x ; X F O t o ; x < o , <x> = and t h e w e i g h t i n g f u n c t i o n W1 i s t o be s e l e c t e d by t h e u s e r . The use o f e q u a t i o n ( 2 6 ) r e s u l t s i n smoothing t h e d i s c o n t i n u i t y i n face, S i j X i j = 0, and a l s o r i d s t h e f l o w law, e q u a t i o n (5). o f i n e q u a l i t i e s .
G by GI, i . e . cin a c r o s s t h e s u ri j The d i s c o n t i n u i t i e s i n a r e removed by f i r s t r e p l a c i n g t h e f u n c t i o n and t h e n d e f i n i n g
8 I q u a t l o n s ( 8 ) and ( 9 ) may now he r e w r l t t e n a s : and W i t h these v a l u e s o f h and r, the growth law, e q u a t i o n ( 6 ) , reduces t o a s i n g l e e x p r e s s i o n w i t h a smooth t r a n s i t i o n across t h e s u r f a c e , S i j Q i j = 0, i n t h e space and now c o n t a i n s no I n e q u a l i t i e s . The w e i g h t i n g f u n c t i o n W2 i s a g a i n a g a i n t o be s e l e c t e d by t h e u s e r . The computations and r e s u l t s p r e s e n t e d i n t h e f o l l o w i n g s e c t i o n s used: Here, T denotes temperature I n degree F a r e n h e i t .
NUMERICAL VALUES OF THE CONSTANlS The numerical values o f t h e parameters a p p e a r i n g I n e q u a t i o n s ( 1 ) t o ( 1 4 ) f o r t h e a l l o y 2-1/4 Cr-1 Mo s t e e l were t a k e n f r o m Robinson and
APPLICAlION TO PROBLEMS Uniaxial Problems
Some illustrative problems were solved to demonstrate the implementation of Robinson's model into MARC through the subroutine HYPELA. The values of constants listed in the preceding sections were utilized for these computations. The thermal and mechanical loadings used to generate the hysteresis loops using MARC are shown in figure 1.
Figures 2 through 4 show the hysteresls loops generated by MARC using Roblnson's model. The loops shown In these figures are at strain rates of 0.0004, 0.004, and 0.04/mln, respectively. The strain range is 20.2 percent approximately. The cyclic mechanical loading used in generating the hysteresis loops I s shown in figure l(a) and the thermal loading is constant at 800 O F . These figures exhlblt the results for two and one-quarter of a cycle. Figure 5 summarizes the stablized hysteretic loops for the three strain rate coiiditlons.
The results for combined in-phase thermomechanical loading, shown in , figure l(b), are depicted in figures 6 to 8. These figures show the hysteresis loops for the same strain-rates and strain range as mentioned above. Figure 9 summarizes the stable hysteretic loops for this type of thermomechanlcal loading.
As a further example, the combined out-phase thermal and mechanical loading shown in figure l(c), was used to generate the hysteresis loops at strain The hoop s t r a i n d i s t r i b u t i o n obtained u s i n g I n order t o v e r i f y the r e s u l t s from MARC and t o ensure t h e c o r r e c t implementation o f Robinson's model i n t h e code, the a n a l y t i c a l s o l u t i o n f o r the problem o f a t h i c k , i n t e r n a l l y pressurized c y l i n d e r was obtained. The f o l l o w l n g s e c t i o n presents b r i e f l y t h e d e t a i l s o f t h e a n a l y t i c a l s o l u t i o n .
ANALYTICAL SOLUTION FOR THICK-CYLINDER
I n t h e f o l l o w i n g , t h e subscrlpts r, cp, and z r e f e r t o the r a d i a l , hoop ( c i r c u m f e r e n t i a l ) and a x i a l d i r e c t i o n s r e s p e c t i v e l y . Symbol, Q denotes t h e s t r e s s and t h e symbol C , s t r a i n .
Following Saada ( r e f . 12). the equation o f e q u i l i b r i u m may be w r i t t e n as:
Assuming t h e t o t a l s t r a i n rate t o be composed o f e l a s t i c and f n e l a s t f c components, the c o n s t i t u t i v e r e l a t i o n s i n t h e r a t e form may be w r i t t e n as:
and :In, and ;indenote t h e i n e l a s t i c s t r a i n r a t e s
These r a t e s a r e obtained u s i n g t h e c o n s t i t u t i v e = i n r ' cp I n equations ( 3 6 ) t o ( 3 8 ) . E l n the r e s p e c t i v e d i r e c t i o n s . equations o f Robinson's model. The d o t over a symbol i n d i c a t e s d l f f e r e n t i at l o n w i t h respect t o time, t.
The straln-rate-compatibility r e l a t i o n i s : , and a f t e r some a l g e b r a i c m a n i p u l a t i o n s , one may o b t a i n t h e f o l l o w i n g e x p r e s s i o n f o r t h e s t r e s s r a t e s :
These equations t o g e t h e r w i t h t h e c o n s t i t u t i v e e q u a t i o n s o f R o b i n s o n ' s model were i n t e g r a t e d u s i n g t h e e x p l i c i t E u l e r f o r w a r d method w i t h an a u t o m a t i c t i m e -s t e p i n t e g r a t i o n s t r a t e g y proposed by Arya e t a l . ( r e f . 13). The i n t e g r at i o n y i e l d s t h e s t r e s s e s and s t r a i n s a t d i f f e r e n t t i m e s and r a d i i o f t h e c y l i nd e r . The s p a t i a l I n t e g r a l s I n e q u a t i o n s (41) t o ( 4 3 ) were e v a l u a t e d u s i n g t h e T r a p e z o i d a l r u l e .
The v a l u e s of t h e hoop ( c i r c u m f e r e n t i a l ) s t r e s s a c r o s s t h e w a l l o f t h e c y l i n d e r a t d i f f e r e n t t i m e s have been p l o t t e d I n f l g u r e 1 7 . F i g u r e 18 e x h i b i t s t h e v a l u e s o f hoop s t r a i n a t d i f f e r e n t t i m e s i n t h e c y l i n d e r o b t a i n e d u s i n g t h e a n a l y t i c a l s o l u t i o n . The v a l u e s o f s t r e s s and s t r a i n f r o m t h e MARC program have a l s o been p l o t t e d I n t h e s e f i g u r e s f o r comparison o f r e s u l t s . The e x c e ll e n t agreement between t h e MARC and t h e a n a l y t i c a l s o l u t i o n s v e r i f i e s t h e c o r r e c t i m p l e m e n t a t i o n o f Robinson's model i n t o FE Code -MARC. The f i n i t e element i m p l e m e n t a t i o n can t h e r e f o r e be s a f e l y employed t o c a r r y o u t t h e nonl i n e a r f i n i t e element a n a l y s i s o f s t r u c t u r e s w i t h more complex g e o m e t r i e ssuch as gas t u r b i n e a i r f o i l s s u b j e c t e d t o complex t h e r m a l and mechanical l o a d i n g s i n aerospace p r o p u l s i o n engines. The r e s u l t s o f such a n a l y s e s w i l l be r e p o r t e d subsequently.
SUMMARY AND CONCLUSIONS 1. Robinson's u n i f i e d v i s c o p l a s t i c model has been s u c c e s s f u l l y implement e d i n t o t h e F i n i t e Element Code -MARC.
2. Some u n i a x i a l and m u l t i a x i a l problems have been s o l v e d u s i n g t h e i m p l em e n t a t i o n . The r e s u l t s o b t a i n e d f o r a m u l t i a x i a l t h i c k c y l i n d e r p r o b l e m u s i n g t h e i m p l e m e n t a t i o n compare v e r y w e l l w i t h t h e c o r r e s p o n d i n g r e s u l t s f r o m t h e a n a l y t i c a l s o l u t i o n and v e r i f y t h e c o r r e c t f i n i t e element i m p l e m e n t a t i o n o f R o b i n s o n ' s model.
3. The I m p l e m e n t a t i o n can now be used f o r t h e a n a l y s i s o f more complex problems, b o t h i n geometry and l o a d i n g s , f r o m aerospace and o t h e r I n d u s t r i e s , where a n a l y t i c a l methods become i n a p p l i c a b l e , o r a r e t o o cumbersome t o a p p l y . REFERENCES 1 . Walker, K.P.:
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